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Intensive studies for more than three decades have elucidated multiple superconducting phases
and odd-parity Cooper pairs in a heavy fermion superconductor UPt3. We identify a time-reversal
invariant superconducting phase of UPt3 as a recently proposed topological nonsymmorphic super-
conductivity. Combining the band structure of UPt3, order parameter of E2u representation allowed
by P63/mmc space group symmetry, and topological classification by K-theory, we demonstrate the
nontrivial Z2-invariant of three-dimensional DIII class enriched by glide symmetry. Correspondingly,
double Majorana cone surface states appear at the surface Brillouin zone boundary. Furthermore, we
show a variety of surface states and clarify the topological protection by crystal symmetry. Majorana
arcs corresponding to tunable Weyl points appear in the time-reversal symmetry broken B-phase.
Majorana cone protected by mirror Chern number and Majorana flat band by glide-winding number
are also revealed.
I. INTRODUCTION
Unconventional superconductivity in strongly corre-
lated electron systems is attracting renewed interest be-
cause it may be a platform of topological superconductiv-
ity accompanied by Majorana surface/edge/vortex/end
states1–3. Although previous studies focused on the
proximity-induced topological superconductivity in s-
wave superconductor (SC) heterostructures4–8, natural
s-wave SCs are mostly trivial from the viewpoint of topol-
ogy. On the other hand, unconventional SCs may have
topologically nontrivial properties originating from non-
s-wave Cooper pairing. In particular, time-reversal sym-
metry (TRS) broken chiral SCs9 and odd-parity spin-
triplet SCs10–12 are known to be candidates of topolog-
ical superconductivity. However, from the viewpoint of
materials science, evidences for chiral and/or odd-parity
superconductivity have been reported for only a few
materials, such as URu2Si2
13–15, SrPtAs16, Sr2RuO4
17,
CuxBi2Se3
18, and ferromagnetic heavy fermion SCs19.
Superconductivity in UPt3 has been discovered in
1980’s20. Multiple superconducting phases illustrated in
Fig. 321–24 unambiguously exhibit exotic Cooper pairing
which is probably categorized into the two-dimensional
(2D) irreducible representation of point group D6h
25.
After several theoretical proposals examined by exper-
iments for more than three decades, the E2u representa-
tion has been regarded as the most reasonable symmetry
of superconducting order parameter26,27. In particular,
the multiple phase diagram in the temperature-magnetic
field plane is naturally reproduced by assuming a weak
symmetry breaking term of hexagonal symmetry26. Fur-
thermore, a phase-sensitive measurement28 and the ob-
servation of spontaneous TRS breaking29 in the low-
temperature and low-magnetic field B-phase, which was
predicted in the E2u-state, support the E2u symmetry
of superconductivity. The order parameter of E2u sym-
metry represents odd-parity spin-triplet Cooper pairs.
Therefore, topologically nontrivial superconductivity is
expected in UPt3.
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FIG. 1. (Color online) Crystal structure of UPt3. Uranium
ions form AB stacked triangular lattice. 2D vectors, ei and
ri, are shown by arrows.
Furthermore, UPt3 has an intriguing feature in the
crystal structure, which is illustrated in Fig. 1. The sym-
metry of the crystal is represented by nonsymmorphic
space group P63/mmc
30; glide and screw symmetries in-
cluding a half translation along the c-axis are preserved
in spite of broken mirror and rotation symmetries. Exotic
properties ensured by glide and/or screw symmetry are
one of the central topics in the modern condensed matter
physics. This topic for SCs traces back to Norman’s work
in 1995 for UPt3
32; a counterexample of Blount’s theo-
rem33,34. The line nodal excitation predicted by Norman
has been revisited by recent studies; group-theoretical
proof35,36, microscopic origin37, and topological protec-
tion38 have been elucidated, and they have been con-
firmed by a first principles-based calculation39.
Recent developments in the theory of nonsymmorphic
topological states of matter40–44 have uncovered novel
topological insulators and SCs enriched by glide and/or
screw symmetry, which are distinct from those classi-
fied by existing topological periodic table for symmor-
phic systems11,45–48. Since eigenvalues of glide and two-
fold screw operators are 4π-periodic, a Mo¨bius structure
appears in the wave function and changes the topologi-
2cal classification. Although such topological nonsymmor-
phic crystalline insulators have been proposed in KHgX
(X = As, Sb, Bi)49,50 and CeNiSn51, topological non-
symmorphic crystalline superconductor (TNSC) has not
been identified in materials. In this paper we show the
topological invariant specifying the TNSC by K-theory,
and demonstrate its nontrivial value in UPt3.
Multiband structures give rise to both intriguing and
complicated aspects of many heavy fermion systems.
However, the band structure of UPt3 has been clarified
to be rather simple27,52–54. Fermi surfaces (FSs) are clas-
sified into the two classes. The FSs of one class enclose
the A-point in the Brillouin zone (BZ) [band 1 and band
2 in Ref. 54], while those of the other class are centered
on the Γ-point or K-point [bands 3, 4, and 5 in Ref. 54].
The two classes are not hybridized in the surface state
on the (100)-direction where the glide symmetry is pre-
served. Therefore, we can separately study the topolog-
ical invariants and surface states arising from the multi-
band FSs. The TNSC is attributed to the former FSs in
Sec. V. The latter FSs are also accompanied by various
topological surface states, for which we identify topolog-
ical invariant in Sec. VI.
The paper is organized as follows. In Sec. II, we in-
troduce a minimal two-sublattice model for nonsymmor-
phic superconductivity in UPt3. In Sec. IIB, Dirac nodal
lines protected by P63/mmc space group symmetry are
proved. In Sec. IIC, the order parameter of E2u sym-
metry is explained. The calculated surface states on
the glide invariant (100)-surface are shown in Sec. III.
In Sec. IV, three-dimensional (3D) TNSC of DIII class
is classified on the basis of the K-theory. In Sec. V, we
show that the glide-Z2 invariant characterizing the TNSC
is nontrivial in UPt3 A-phase. The underlying origin of
the TNSC accompanied by double Majorana cone sur-
face states is discussed. In Sec. VI, we characterize other
topological surface states by low-dimensional topological
invariants enriched by crystal mirror, glide, and rotation
symmetries. Constraints on these topological invariants
by nonsymmorphic space group symmetry are also re-
vealed. Finally, a brief summary is given in Sec. VII.
Ingredients giving rise to rich topological properties of
UPt3 are discussed.
II. MODEL
A. Nonsymmorphic two-sublattice model
We study the superconducting state in UPt3 by ana-
lyzing the Bogoliubov-de Gennes (BdG) Hamiltonian for
nonsymmorphic two-sublattice model37,
HBdG =
∑
k,m,s
ξ(k)c†
kmsckms +
∑
k,s
[
a(k)c†
k1sck2s + h.c.
]
+
∑
k,m,s,s′
αmg(k) · sss′c†kmsckms′
+
1
2
∑
k,m,m′,s,s′
[
∆mm′ss′(k)c
†
kmsc
†
−km′s′ + h.c
]
,
(2.1)
where k, m = 1, 2, and s =↑, ↓ are index of momen-
tum, sublattice, and spin, respectively. The last term
represents the gap function and others are normal part
Hamiltonian. Taking into account the crystal structure
of UPt3 illustrated in Fig. 1, we adopt an intra-sublattice
kinetic energy,
ξ(k) = 2t
∑
i=1,2,3
cosk‖ · ei + 2tz cos kz − µ, (2.2)
and an inter-sublattice hopping term,
a(k) = 2t′ cos
kz
2
∑
i=1,2,3
eik‖·ri , (2.3)
with k‖ = (kx, ky). The basis translation vectors in two
dimension are e1 = (1, 0), e2 = (− 12 ,
√
3
2 ), and e3 =
(− 12 ,−
√
3
2 ). The interlayer neighboring vectors projected
onto the basal plane are given by r1 = (
1
2 ,
1
2
√
3
), r2 =
(− 12 , 12√3 ), and r3 = (0,− 1√3 ). These 2D vectors are
illustrated in Fig. 1.
Although the crystal point group symmetry is cen-
trosymmetric D6h, local point group symmetry at Ura-
nium ions is D3h lacking inversion symmetry. Then,
Kane-Mele spin-orbit coupling (SOC)55 with g-vector56
g(k) = zˆ
∑
i=1,2,3
sink‖ · ei, (2.4)
is allowed by symmetry. The coupling constant has to be
sublattice-dependent, (α1, α2) = (α,−α), so as to pre-
serve the global D6h point group symmetry
55,57,58.
Quantum oscillation measurements combined with
band structure calculations27,39,52–54 have shown a pair
of FSs centered at the A-point (A-FSs) on the BZ face.
Interestingly, the paired bands are degenerate on the A-
L lines and form Dirac nodal lines59, which have been
experimentally observed by de Haas-van Alphen experi-
ments54. In the next subsection we show that the Dirac
nodal lines are protected by the nonsymmorphic space
group symmetry of P63/mmc (No. 194)
37,38. Thus,
the two A-FSs are naturally paired by the nonsymmor-
phic crystal symmetry. By choosing a parameter set
(t, tz, t
′, α, µ) = (1,−4, 1, 2, 12) our two band model re-
produces the paired A-FSs. In this paper we show that
the peculiar band structure results in exotic supercon-
ductivity in terms of symmetry and topology.
3First principles band structure calculations also pre-
dict three FSs centered on the Γ-point (Γ-FSs), and two
FSs enclosing the K-point (K-FSs)27,39,52, although the
existence of K-FSs is experimentally under debates54.
We show that a variety of topological surface states may
arise from these bands. A parameter set (t, tz, t
′, α, µ) =
(1, 4, 1, 0, 16) reproduces one of the Γ-FSs, while another
set (t, tz , t
′, α, µ) = (1,−1, 0.4, 0.2,−5.2) is adopted for
the K-FSs.
B. Dirac nodal lines in space group P63/mmc
The single particle states are four-fold degenerate on
the A-L lines [k = (0, ky, π) and symmetric lines]. In
addition to the usual Kramers degeneracy, the sublat-
tice degree of freedom gives additional degeneracy. This
feature is reproduced in the normal part Hamiltonian,
because the inter-sublattice hopping vanishes on the BZ
face (kz = π) and the SOC disappears on the A-L lines.
Below we show that the existence of Dirac line nodes is
ensured by the space group symmetry.
First, we show the additional degeneracy in the ab-
sence of the SOC. In the SU(2) symmetric case, the
two spin states are equivalent and naturally degenerate.
Then, we can define the TRS, T = K, and screw symme-
try Szpi(kz) in each spin sector, where K is the complex
conjugate operator. At the BZ face, kz = π, we have
Szpi(π) = iσy where σi is the Pauli matrix in the sublattice
space. Because the combined magnetic-screw symmetry
satisfies [Szpi(π)T ]
2
= −1, the two-fold degeneracy in each
spin sector is proved by familiar Kramers theorem. Tak-
ing into account the spin-degeneracy, we obtain four-fold
degenerate bands on the entire BZ face.
The four-fold degeneracy is partly lifted by the SOC.
However, the degeneracy of two spinful bands is pro-
tected on the A-L lines, that is proved as follows. The
little group on the A-L lines includes the rotation sym-
metry IGxz(kz), mirror symmetry M
yz, and magnetic-
inversion symmetry IT . We here represent T = isyK,
I = σx, and M
yz = isx, respectively. The glide symme-
try is represented by Gxz(kz) = syσy at kz = ±π while
Gxz(kz) = isyσx at kz = 0. The nonsymmorphic prop-
erty of rotation symmetry is emphasized by denoting as
IGxz(kz). The symmetry operations satisfy the algebra
[IGxz(π)]
2
= −1, (2.5)
{IGxz(π), IT } = 0, (2.6)
{IGxz(π),Myz} = 0. (2.7)
The first relation ensures the sector decomposition to the
λ = ±i eigenstates of rotation operator. Because the IT
symmetry is preserved in each subsector, the Kramers
theorem holds. The anti-commutation relation of two
unitary symmetries, Eq. (2.7), shows that a Kramers
pair in one subsector has to be degenerate with another
Kramers pair in the other subsector. Therefore, the four-
fold degeneracy on the A-L lines is protected by symme-
try.
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FIG. 2. (Color online) FSs on the BZ face, kz = pi. Thin red
lines show the FSs in the presence of the SOC (α = 1), while
the thick black line is the overlapping FSs in the absence
of the SOC (α = 0). Dashed lines show the A-L lines in
the first BZ. We set parameters (t, tz, t
′, µ) = (1,−4, 1, 12) to
reproduce the A-FSs.
Figure 2 shows the FSs in our model. It is illustrated
that the FSs completely overlap on the BZ face in the
absence of the SOC. Although the SOC splits the FSs,
the degeneracy remains on the A-L lines. These features
are consistent with above group theoretical analysis.
The Dirac nodal lines in the P63/mmc space group
are one of the typical examples of band degeneracy pro-
tected by nonsymmorphic crystal symmetry60–64. On the
BZ face away from the A-L lines, the non-Kramers de-
generacy is lifted purely by the SOC. Therefore, the SOC
gives particularly significant effects on the BZ face. This
is the underlying origin of the SOC-induced nodal loop
in the superconducting gap37,38.
C. Order parameter of E2u representation
The multiple superconducting phases in UPt3 have
been reasonably attributed to two-component order pa-
rameters in the E2u irreducible representation of D6h
point group26,27. The gap function is generally repre-
sented by
∆ˆ(k) = η1Γˆ
E2u
1 + η2Γˆ
E2u
2 . (2.8)
The two-component order parameters are parametrized
as
(η1, η2) = ∆(1, iη)/
√
1 + η2, (2.9)
with a real variable η. The basis functions ΓˆE2u1 and
ΓˆE2u2 are admixture of some harmonics. Adopting the
neighboring Cooper pairs in the crystal lattice of U ions,
4we obtain the basis functions
ΓˆE2u1 =
[
δ {px(k)sx − py(k)sy}σ0
+ f(x2−y2)z(k)szσx − dyz(k)szσy
]
isy, (2.10)
ΓˆE2u2 =
[
δ {py(k)sx + px(k)sy}σ0
+ fxyz(k)szσx − dxz(k)szσy
]
isy, (2.11)
which are composed of the p-wave, d-wave, and f -wave
components given by
px(k) =
∑
i
exi sink‖ · ei, (2.12)
py(k) =
∑
i
eyi sink‖ · ei, (2.13)
dxz(k) = −
√
3 sin
kz
2
Im
∑
i
rxi e
ik‖·ri , (2.14)
dyz(k) = −
√
3 sin
kz
2
Im
∑
i
ryi e
ik‖·ri , (2.15)
fxyz(k) = −
√
3 sin
kz
2
Re
∑
i
rxi e
ik‖·ri , (2.16)
f(x2−y2)z(k) = −
√
3 sin
kz
2
Re
∑
i
ryi e
ik‖·ri . (2.17)
Pauli matrix in the spin and sublattice space are denoted
by si and σi, respectively.
The purely f -wave state has been intensively investi-
gated, and the phase diagram compatible with UPt3 has
been obtained26. However, an admixture of a p-wave
component is allowed by symmetry and it changes the
gap structure and topological properties37. Thus, we
here take into account a small p-wave component with
0 < |δ| ≪ 1. The small p-wave component does not al-
ter the phase diagram consistent with experiments. On
the other hand, the dominantly p-wave state discussed in
Ref. 39 would fail to reproduce the phase diagram.
Besides the p-wave component, a sublattice-singlet
spin-triplet d-wave component accompanies the f -wave
component as a result of the nonsymmorphic crystal
structure of UPt3
37. The neighboring Cooper pairs on
ri bonds give equivalent amplitude of d-wave and f -wave
components in Eqs. (2.10) and (2.11). The d-wave order
parameter plays a particularly important role on the su-
perconducting gap at the BZ face, kz = π. Later we show
that the TNSC is induced by the d-wave component.
Now we review the multiple superconducting phases
in UPt3. Three thermodynamically distinguished super-
conducting phases are illustrated in Fig. 321–23,26,27. The
A-, B-, and C-phases are characterized by the ratio of
two-component order parameters η = η2/iη1 summarized
in Table. I. A pure imaginary ratio of η1 and η2 in the
B-phase implies the chiral superconducting state which
T
H
A
C
B
FIG. 3. (Color online) Multiple superconducting phases of
UPt3 in the magnetic field-temperature plane
26,27. The A-
phase is identified as a TNSC. The shaded region shows the
Weyl superconducting phase37. Pair creation of Weyl nodes
occurs at the phase boundary. The dashed line indicates a
topological phase transition, which is discussed in Sec. VIE.
maximally gains the condensation energy. Owing to the
p-wave component, the B-phase is non-unitary. It has
been considered that the A- and C-phases are stabilized
by weak symmetry breaking of hexagonal structure, pos-
sibly induced by weak antiferromagnetic order26,27,65,66.
We here assume that the A-phase is the Γ2 state (η =∞),
while the C-phase is the Γ1 state (η = 0), and assume
non-negative η ≥ 0 without loss of generality.
A-phase |η| =∞
B-phase 0 ≤ |η| ≤ ∞
C-phase η = 0
TABLE I. Range of the parameter η in the A-, B-, and C-
phases of UPt3
26,27.
Contrary to the experimental indications for the E2u-
pairing state mentioned before, a recent thermal conduc-
tivity measurement67 has been interpreted in terms of
the E1u symmetry of the orbital part of order parameter.
However, this interpretation is not incompatible with the
E2u symmetry of total order parameter. For instance,
the basis functions, Eqs. (2.10) and (2.11), include com-
ponents px(k)sx−py(k)sy and py(k)sx+px(k)sy, where
the orbital part px(k) and py(k) belong to the E1u sym-
metry. Although in Ref. 67 the superconducting state
with TRS has been discussed along with a theoretical
proposal68, the spin part of order parameter can not be
deduced from thermal conductivity measurements. Thus,
we here assume the E2u-pairing state.
For clarity of discussions for topological properties, we
carry out the unitary transformation for the BdG Hamil-
tonian. When the model Eq. (2.1) is represented in the
5Nambu space
HBdG = 1
2
∑
k
cˆ†
k
HˆBdG(k)cˆk, (2.18)
with
cˆk =
(
ck1↑, ck2↑, ck1↓, ck2↓, c
†
−k1↑, c
†
−k2↑, c
†
−k1↓, c
†
−k2↓,
)T
,
(2.19)
the BdG matrix HˆBdG(k) in this form does not satisfy
the periodicity compatible with the first BZ. To avoid
this difficulty, we represent the BdG Hamiltonian by
H˜BdG(k) = U(k)HˆBdG(k)U(k)
†, (2.20)
using the unitary matrix
U(k) =
(
1 0
0 eik·τ
)
σ
⊗ s0 ⊗ τ0. (2.21)
By choosing the translation vector, τ = (0,− 1√
3
, 12 ),
H˜BdG(k) is periodic with respect to the translation
k → k + K for any reciprocal lattice vector K. The
transformed BdG Hamiltonian has the same form as
Eq. (2.1), although the inter-sublattice components ac-
quire the phase factor
a(k)→ a˜(k) ≡ a(k)e−ik·τ , (2.22)
fi(k)→ f˜i(k) ≡ fi(k)e−ik·τ , (2.23)
di(k)→ d˜i(k) ≡ di(k)e−ik·τ . (2.24)
III. TOPOLOGICAL SURFACE STATES
We calculate the energy spectrum of quasiparti-
cles with surface normal to the (100)-axis, E(ksf) =
E(ky, kz), because the nonsymmorphic glide symmetry
is preserved there. Both glide and screw symmetry are
broken in the other surface directions. Figures 4 and 5
show results for the Γ-FS and A-FSs, respectively. The
black regions represent the zero energy surface states. It
is revealed that a variety of zero energy surface states ap-
pear on the (100)-surface in the A-, B-, and C-phases. We
clarify the topological protection of these surface states
below. Indeed, all of the zero energy surface states are
topologically protected. In Figs. 4 and 5, the topological
surface states discussed in Secs. V and VIA - VIE are
labeled by (V) and (A)-(E), respectively.
The most panels of Figs. 4 and 5 show the results for
α = 0 by neglecting the SOC. Most of the surface states
are indeed robust against the SOC. Exceptionally, the
surface states around kz = π are affected by the SOC,
because the nodal bulk excitations may be induced by
the SOC37,38. For our choice of parameters, the bulk
excitation gap remains finite at kz = π for α = 1 although
the gap may be suppressed for α = 2. Thus, we show the
surface states for α = 2 in Fig. 5(f) for a comparison. The
gapless bulk excitations which are not shown for α = 0
[Fig. 5(c)] are observed around the surface BZ boundary.
One of the main results of this paper is a signature
of TNSC in UPt3, that is indicated by the label (V) in
Fig. 5(e). This surface state is robust against the SOC
unless the bulk excitation gap is closed. According to the
first principles band structure calculation, the band split-
ting by the SOC is tiny along the A-H lines27 and signif-
icantly decreased by the mass renormalization factor69,
z ∼ 1/100 in UPt327. Thus, it is reasonable to assume a
small SOC leading to the gapped bulk excitations at the
BZ face. This assumption is compatible with the recent
field-angle-dependent thermal conductivity measurement
which has shown nodal lines/points lying away from the
BZ face67.
In the next section, superconducting phases of 3D DIII
class with additional glide symmetry are classified on the
basis of the K-theory, and the topological invariants are
derived. In Sec. V, we show that a surface state labeled
by (V) is protected by the strong topological index char-
acterizing the TNSC. The topological protection of other
surface states is revealed in Sec. VI.
IV. CLASSIFICATION OF CLASS DIII
SUPERCONDUCTORS WITH GLIDE
SYMMETRY
Topological classification of TNSC is carried out for
both glide-even and glide-odd superconducting states of
DIII class. For simplicity, the cubic first BZ with vol-
ume (2π)3 is assumed in this section. We do not rely on
any specific model, and therefore, the results obtained in
this section are valid for all the superconducting states
preserving the glide symmetry and TRS.
A. Glide-even superconductor
First, we study glide-even superconducting states. The
Γ2-state (A-phase) of UPt3 corresponds to this case. The
symmetries for the BdG Hamiltonian are summarized as
CH(k)C−1 = −H(−k), C = τxK, (4.1)
TH(k)T−1 = H(−k), T = isyK, (4.2)
G(k)H(k)G−1(k) = H(myk), G(myk)G(k) = −e−ikz ,
(4.3)
TG(k) = G(−k)T, CG(k) = G(−k)C,
(4.4)
where myk = (kx,−ky, kz) is the momentum flipped by
glide operation, and K is the complex conjugate. The
stable classification of bulk superconductors is given by
the K-theory over the bulk 3D BZ torus with symmetries
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FIG. 4. (Color online) Energy of surface states on the (100)-surface. We impose open boundary condition along the
[100]-direction and periodic boundary condition along the other directions. The lowest excitation energy of BdG quasipar-
ticles [≡ min|E(ksf)|] as a function of the surface momentum ksf = (ky , kz) is shown. Parameters (t, tz, t
′, α, µ,∆, δ) =
(1, 4, 1, 0, 16, 4, 0.02) are assumed so that the Γ-FS is reproduced. (a) C-phase (η = 0), (b)-(d) B-phase (η = 0.7, 1, and 1.5),
and (e) A-phase (η = ∞). Arrows with characters (A), (B), (C) and (E) indicate surface states clarified in Secs. VIA, VIB,
VIC, and VIE, respectively. The green circles show the projections of Weyl point nodes.
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FIG. 5. (Color online) (a)-(e) Energy of surface states on the (100)-surface for parameters reproducing the paired A-FSs,
(t, tz, t
′, α, µ,∆, δ) = (1,−4, 1, 0, 12, 0.7, 0.04). (a) C-phase (η = 0), (b)-(d) B-phase (η = 0.6, 1, and 2), and (e) A-phase
(η = ∞). We choose α = 2 in (f) while the other parameters are the same as (c). Comparison between (c) and (f) reveals
the effect of the SOC. Arrows with characters (V), (A), and (C) indicate surface states discussed in Secs. V, VIA, and VIC,
respectively. The green circles show the projections of Weyl point nodes.
7(4.1)-(4.4). From Ref. 42, the result is
(The stable classification of bulk gapped SCs)
= Z2︸︷︷︸
(kx,ky,kz)
⊕Z2 ⊕ Z2︸ ︷︷ ︸
(kx,kz)
⊕ Z2︸︷︷︸
(ky,kz)
⊕ Z2︸︷︷︸
(kz)
. (4.5)
The bold style Z2 expresses an emergent topological
phase which disappears if the glide symmetry is broken.
Each underbrace represents the momentum dependence
of generating Hamiltonian. For instance, Z2︸︷︷︸
(kx,kz)
means
that the generating Hamiltonian of the Z2 phase can be
ky-independent, that is, the stacking of layered Hamil-
tonians Hy(kx, kz) in the xz-plane along the y-direction.
We focus on the gapless states on the surfaces preserv-
ing the glide symmetry, i.e. x = constant surface. The
classification of the surface gapless states is given by a
similar K-theory over the surface 2D BZ torus under
the same symmetries (4.1)-(4.4) with the kx-direction ex-
cluded. The bulk-boundary correspondence holds:70 the
K-group for the surface gapless states is given by the di-
rect summand of which generators are dependent on kx
in Eq. (4.5). Thus,(
The classification of gapless states
on the x = constant surface
)
= Z2︸︷︷︸
(kx,ky,kz)
⊕Z2 ⊕ Z2︸ ︷︷ ︸
(kx,kz)
. (4.6)
All the three Z2 invariants relevant to the surface gapless
states are constructed on the kz = π plane
42. At kz = π,
the glide symmetry is reduced into the mirror symmetry
G(kx, ky, π)H(kx, ky, π)G−1(kx, ky, π) = H(kx,−ky, π),
(4.7)
G(kx,−ky, π)G(kx, ky, π) = 1, (4.8)
TG(kx, ky, π) = G(−kx,−ky, π)T, (4.9)
CG(kx, ky, π) = G(−kx,−ky, π)C. (4.10)
On the ky = Γy ≡ 0, π lines, since the TRS and the
particle-hole symmetry (PHS) commute with the glide
symmetry, we can define Z2 invariant ν(Γy ,±) ∈ {0, 1}
of one-dimensional (1D) class DIII SCs for each glide-
subsectors G(kx,Γy, π) = ±1,
ν(Γy,±) = i
π
∮ 2pi
0
dkx
∑
n
〈
u
(I)
±,n(kx,Γy, π)
∣∣∣ ∂kx ∣∣∣u(I)±,n(kx,Γy, π)〉 (mod 2), (Γy = 0, π),
where u
(I)
±,n(kx,Γy, π) represents one of the Kramers
pair of occupied states in the glide-subsector
G(kx,Γy, π) = ±1. Noticing that the combined
symmetries TG(kx, ky, π) and CG(kx, ky, π),
[TG(kx, ky, π)]H(kx, ky, π) [TG(kx, ky, π)]−1
= H(−kx, ky, π), (4.11)
TG(−kx, ky, π)TG(kx, ky, π) = −1, (4.12)
[CG(kx, ky, π)]H(kx, ky, π) [CG(kx, ky, π)]−1
= −H(−kx, ky, π), (4.13)
CG(−kx, ky, π)CG(kx, ky, π) = 1, (4.14)
indicate the emergent class DIII symmetry for all ky, we
have a constraint
ν(0,+) + ν(0,−) = ν(π,+) + ν(π,−), (mod 2).
(4.15)
Because of this emergent class DIII symmetry, all the
surface states on the kz = π plane show two-fold degen-
eracy. The three kinds of surface states may be generated
by
8Z2︸︷︷︸
(kx,ky,kz)
:
(
ν(0,+), ν(0,−); ν(π,+), ν(π,−)) = (1, 1; 0, 0) or (0, 0; 1, 1), (4.16)
Z2︸︷︷︸
(kx,kz)
:
(
ν(0,+), ν(0,−); ν(π,+), ν(π,−)) = (1, 0; 1, 0), (1, 0; 0, 1), (0, 1; 1, 0) or (0, 1; 0, 1), (4.17)
Z2︸︷︷︸
(kx,kz)
:
(
ν(0,+), ν(0,−); ν(π,+), ν(π,−)) = (1, 1; 1, 1). (4.18)
Here, Z2︸︷︷︸
(kx,kz)
shows the flat surface band on the kz = π
plane. The Z2︸︷︷︸
(kx,ky,kz)
is the strong index of TNSC, which
is denoted as glide-Z2 invariant, νG ≡ Z2︸︷︷︸
(kx,ky,kz)
. It is
given by
νG = ν(0,+)ν(0,−)− ν(π,+)ν(π,−) (mod 2). (4.19)
Later, we show that the glide-Z2 invariant νG is nontrivial
in the A-phase of UPt3.
B. Glide-odd superconductor
Next, we study glide-odd superconducting states,
which may be realized in the Γ1-state of UPt3 (C-phase).
Symmetries for the BdG Hamiltonian are
TH(k)T−1 = H(−k), T = isyK, (4.20)
CH(k)C−1 = −H(−k), C = τxK, (4.21)
G(k)H(k)G−1(k) = H(myk), G(myk)G(k) = −e−ikz ,
(4.22)
TG(k) = G(−k)T, CG(k) = −G(−k)C.
(4.23)
From Ref. 42, the K-theory classification of the bulk
reads
(The stable classification of bulk gapped SCs)
= Z⊕ Z2︸ ︷︷ ︸
(kx,ky,kz)
⊕ Z4︸︷︷︸
(kx,kz)
⊕Z2 ⊕ Z2︸ ︷︷ ︸
(ky,kz)
⊕ Z2︸︷︷︸
(kz)
. (4.24)
The bold-style indices express emergent topological
phases which requires the glide symmetry. From the
bulk-boundary correspondence, it holds that
(
The classification of surface states
on the x = constant surface
)
= Z⊕ Z2︸ ︷︷ ︸
(kx,ky,kz)
⊕ Z4︸︷︷︸
(kx,kz)
. (4.25)
The 3D Z︸︷︷︸
(kx,ky,kz)
index is the ordinary winding num-
ber11,
N :=
1
48π2
∫
trΓ(H−1dH)3, Γ = iTC. (4.26)
By imposing the glide symmetry, we have two Z4 in-
variants θ(Γy = 0, π) ∈ {0, 1, 2, 3} on the glide invariant
ky = 0 and π planes
42,
θ(Γy) :=
2i
π
[ ∮ 2pi
0
dkxtrA(I)+ (kx,Γy, π) +
1
2
∫ pi
0
dkz
∮ 2pi
0
dkxtrF+(kx,Γy, kz)
]
(mod 4), (Γy = 0, π). (4.27)
Here, A(I)+ (kx,Γy, π) and F+(kx,Γy, kz) are the Berry
connection of one of Kramers pair of occupied states
and the Berry curvature of the occupied states, respec-
tively, with the positive glide eigenvalueG(kx,Γy, π) = 1.
In modulo 2, θ(Γy) is recast into the Z2 invariant at
(kx,Γy, kz = 0) lines as
42
θ(Γy) :=
i
π
∮ 2pi
0
dkxtrA+(kx,Γy, 0) (mod 2), (4.28)
by the Stokes’ theorem.
The three invariants {N, θ(0), θ(π)} are not indepen-
dent, since there is a constraint
N + θ(0) + θ(π) = 0 (mod 2), (4.29)
which can be understood as follows. On the kz = 0 plane,
the Z2 invariant ν = θ(0)+ θ(π) (mod 2) is equivalent to
the 2D class DIII Z2 invariant. Since we can show that
the existence of odd numbers of Majorana cones is al-
9lowed only on the kz = 0 plane, N (mod 2) is also equiv-
alent to the Z2 invariant. Therefore, N = ν (mod 2),
which implies Eq. (4.29).
V. TOPOLOGICAL NONSYMMORPHIC
SUPERCONDUCTIVITY IN A-PHASE
Now we go back to the superconductivity in UPt3.
Let’s focus on the surface zero mode at ksf = (0, π) in
the TRS invariant A-phase. Naturally, the A-FSs are
considered in this section. The surface states labeled by
(V) in Fig. 5(e) have the spectrum shown in Fig. 6. As we
proved in Sec. IVA, the quasiparticle states are two-fold
degenerate on the ksf = (ky, π) line in the glide-even A-
phase. Therefore, the spectrum of surface states shows
double Majorana cone with four zero energy states at
ksf = (0, π). In this section we show that the surface
double Majorana cone is protected by the strong Z2 in-
dex νG for glide-even TNSCs, which has been introduced
in Eq. (4.19).
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FIG. 6. (Color online) Double Majorana cone in the A-phase.
Energy spectrum of (100)-surface states around ksf = (0, pi)
is shown. Parameters are the same as Fig. 5(e) for the paired
A-FSs.
The glide symmetry of P63/mmc space group is G
xz =
{Mxz| z2} composed of mirror reflection and half transla-
tion along the z-axis. Thus, the nonsymmorphic glide
operator is intrinsically kz-dependent. We have an op-
erator for the normal part Hamiltonian, Gxz(kz) =
isyσxVσ(kz), where
Vσ(kz) =
(
1 0
0 e−ikz
)
σ
, (5.1)
acts in the sublattice space. The superconducting state
preserves the glide symmetry in the TRS invariant A- and
C-phases, although the glide symmetry is spontaneously
broken in the B-phase. The glide operator in the Nambu
space depends on the glide-parity of the superconducting
state; GxzBdG(kz) = G
xz(kz)τ0 in the glide-even A-phase
while GxzBdG(kz) = G
xz(kz)τz in the glide-odd C-phase.
Then, the BdG Hamiltonian respects the glide symmetry
GxzBdG(kz)H˜BdG(k)G
xz
BdG(kz)
−1 = H˜BdG(kx,−ky, kz).
(5.2)
The symmetries satisfy the algebra (4.1)-(4.4) and (4.20)-
(4.23) in the A-phase and C-phase, respectively.
A. Glide-Z2 invariant
kx
ky
(Kx+Ky)/2(-Kx+Ky)/2
(-Kx-Ky)/2 (Kx-Ky)/2
Kx
FIG. 7. (Color online) Unfolded BZ (solid line) and folded BZ
(dashed line) projected onto a kz = constant plane. The latter
is compatible with the surface BZ. Kx = 2pixˆ and Ky =
2pi√
3
yˆ
are reciprocal lattice vectors of the folded BZ.
As we showed in Sec. IVA, only the 2D plane at kz = π
determines the topological properties of the glide-even A-
phase. From Eq. (4.19), the glide-Z2 invariant νG is given
by the 1D Z2 invariant of DIII class, ν(Γy ,±). When
we choose the rectangular BZ shown in Fig. 7, we have
Γy = 0, π/
√
3. For our choice of parameters, the FSs
do not cross a line ky = π/
√
3 on the BZ face. There-
fore, ν(π/
√
3,±) is trivial, and the glide-Z2 invariant is
obtained by evaluating ν(0,±). Below, we show that
ν(0,±) = 1, and thus, the glide-Z2 invariant is nontriv-
ial.
First, the Hamiltonian is block-diagonalized by using
the basis diagonal for GxzBdG(π) = syσyτ0,
H˜BdG(kx, 0, π) = H˜
1d
1 (kx)⊕ H˜1d−1(kx), (5.3)
on the 1D BZ kx ∈ [−2π, 2π]. The glide-subsector with
eigenvalue λG = ±1 is obtained as,
H˜1d±1(kx) =
(
Hˆ
(0)
±1 (kx) ∆ˆ(kx)
∆ˆ(kx)
† −Hˆ(0)±1 (−kx)T
)
, (5.4)
with
Hˆ
(0)
±1 (kx) =
(
ξ1d(kx) ∓αg1d(kx)
∓αg1d(kx) ξ1d(kx)
)
, (5.5)
∆ˆ(kx) = i∆
(
iδp1dx (kx) −d1dxz(kx)
−d1dxz(kx) iδp1dx (kx)
)
. (5.6)
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We defined p1dx (kx) ≡ px(kx, 0, π) = sinkx + sin kx2 and
d1dxz(kx) ≡ dxz(kx, 0, π) = −
√
3 sin kx2 . Thus, the glide-
subsector is equivalent to the TRS invariant p-wave SC.
It is easy to confirm that both TRS and PHS are pre-
served in each glide-subsector as expected from Sec. IVA.
In the A-phase we adopt time-reversal operator in the
Nambu space TBdG = iT τz, since the gap function is
chosen to be pure imaginary. Then, the commutation
relation [C, TBdG] = 0 is satisfied.
Although the inversion symmetry is broken in the
glide-subsector by the SOC, we can adiabatically elim-
inate the SOC as α→ 0, unless the SOC is large enough
to suppress the superconducting gap37,38. Then, the
glide-subsector is reduced to the odd-parity spin-triplet
SC, and the Z2 invariant is obtained by counting the
number of Fermi points N(λG) (per Kramers pairs) be-
tween the time-reversal invariant momentum, kx = 0
and 2π12. Since each glide-subsector represents a single
band model with N(±1) = 1, the nontrivial Z2 invari-
ant, ν(0,±) = 1 (mod 2), is obtained from the formula
(−1)ν(0,±) = (−1)N(±).
Now we conclude that the glide-Z2 invariant is non-
trivial, namely, νG = 1, because(
ν(0,+), ν(0,−); ν(π/
√
3,+), ν(π/
√
3,−)
)
= (1, 1; 0, 0).
(5.7)
This is the strong topological index characterizing the
TNSC with even glide-parity.
It should be noticed that the paired FSs and the
sublattice-singlet d-wave pairing are essential ingredients.
Both of them are ensured by the nonsymmorphic space
group symmetry (see Secs. II B and IIC). The pseudospin
degree of freedom in the glide-subsector corresponds to
the pair of FSs. Although the f -wave component in the
order parameter disappears on the glide invariant plane
ky = 0, the d-wave component induces the superconduct-
ing gap and gives rise to 1D Z2 nontrivial superconduc-
tivity.
The topological surface state protected by the glide-Z2
invariant should appear as a signature of the TNSC. Be-
cause the two glide-subsectors discussed above are TRS
invariant and Z2 nontrivial, two Majorana states per sub-
sector, namely, four Majorana states in total, appear on
the glide invariant (100)-surface. Indeed, the double Ma-
jorana cone centered at ksf = (0, π) (Fig. 6) is the charac-
teristic topological surface states of the glide-even TNSC.
For confirmation, we show the topological indices of
1D Hamiltonian along the k = (kx, 0, 0) and (kx, 0, π)
lines and 2D Hamiltonian on the kz = 0 and π planes
in Table II. For these low-dimensional Hamiltonian, the
glide operator is momentum independent, and therefore,
the topological classification can be carried out without
taking care of the nonsymmorphic property. The (anti-
)commutation relations of symmetry operators are sum-
marized in Table II, and accordingly the topological in-
dices are obtained on the basis of the periodic table for
symmorphic topological crystalline insulators and SCs48.
kz (G
xz
BdG)
2 ηT ηC 1D invariant 2D invariant
C-phase 0 -1 1 -1 Z2 Z2 ⊕ Z2
(η = 0) pi 1 1 -1 0 0
A-phase 0 -1 1 1 Z Z
(η =∞) pi 1 1 1 Z2 ⊕ Z2 Z2
TABLE II. Classification of 1D and 2D BdG Hamiltonian in
the TRS invariant A- and C-phases. The low-dimensional
Hamiltonian on the basal plane (kz = 0) and BZ face
(kz = pi) is classified. We show (G
xz
BdG)
2, ηT , and ηC . (Anti-
)commutation relations with time-reversal and particle-hole
operators are represented as TBdGG
xz
BdG = ηT G
xz
BdG TBdG and
C GxzBdG = ηC G
xz
BdG C. The right two columns show the 1D
topological index on the (ky, kz) = (0, 0) and (0, pi) lines and
the 2D topological index on the kz = 0 and pi planes.
Indeed, in the A-phase we have Z2 ⊕ Z2 index for 1D
Hamiltonian on the k = (kx, 0, π) line, which are noth-
ing but ν(0,±). The Z2 index of 2D Hamiltonian on the
kz = π plane is equivalent to the glide-Z2 invariant dis-
cussed in this section. On the other hand, the kz = π
plane is trivial in the glide-odd C-phase, consistent with
the absence of topological surface states in Fig. 5(a).
B. Folded Brillouin zone
For the consistency with classification based on the
K-theory in Sec. IV, we need to consider the folded Bril-
louin zone compatible with the surface BZ. To be spe-
cific, the translation symmetry along the [010]-axis is
partially broken on the (100)-surface. The basic transla-
tion vectors on the surface are (y, z) = (
√
3, 0) and (0, 1),
and the reciprocal lattice vectors are Ky =
2√
3
πyˆ and
Kz = 2πzˆ. Thus, the surface first BZ is a rectangle
with ky ∈ [−π/
√
3, π/
√
3) and kz ∈ [−π, π). We have al-
ready adopted the bulk BZ compatible with the surface
BZ. However, the periodicity with respect to Ky is lost
in the BdG Hamiltonian. To satisfy the periodicity, we
equate k with k+Ky, and accordingly, adopt the folded
BZ in Fig. 7.
The folded BdG Hamiltonian is transformed
ĤBdG(k) = Usf(k)
(
H˜BdG(k) 0
0 H˜BdG(k +Ky)
)
ρ
Usf(k)
†,
(5.8)
by the unitary matrix
Usf(k) =
1√
2
(
1 0
0 eikτ
′
)
ρ
(
1 1
1 −1
)
ρ
, (5.9)
with τ ′ = (12 ,
√
3
2 , 0). It is easy to check the periodicity of
the folded BdG Hamiltonian, ĤBdG(k+Ki) = ĤBdG(k)
with respect to Kx = 2πxˆ, Ky, and Kz. The glide
symmetry is recast,
ĜxzBdG(k) ĤBdG(k) Ĝ
xz
BdG(k)
−1 = ĤBdG(kx,−ky, kz),
(5.10)
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with using the glide operator for the folded BdG Hamil-
tonian,
ĜxzBdG(k) = G
xz
BdG(kz)⊗
(
1 0
0 e−i
√
3ky
)
ρ
. (5.11)
The TRS and PHS are also preserved,
TBdG ĤBdG(k)T
−1
BdG = ĤBdG(−k), (5.12)
C ĤBdG(k)C
−1 = −ĤBdG(−k). (5.13)
The symmetry operators satisfy the following relations,
TBdGC = C TBdG, (5.14)
ĜxzBdG(mk) Ĝ
xz
BdG(k) = −e−ikz , (5.15)
TBdG Ĝ
xz
BdG(k) = Ĝ
xz
BdG(−k)TBdG, (5.16)
C ĜxzBdG(k) = ±ĜxzBdG(−k)C. (5.17)
The sign ± in Eq. (5.17) should be chosen in the A-phase
and C-phase, respectively. Thus, the algebra (4.1)-(4.4)
and (4.20)-(4.23) are satisfied.
The 1D Z2 invariants in the folded BZ are equivalent
to those obtained in the unfolded BZ. This fact is sim-
ply understood by looking at the surface states. The
energy spectrum is not changed by the unitary transfor-
mation, and we have obtained odd number of Majorana
cone at ksf = (0, π) per glide-subsector. This fact indi-
cates ν(0,±) = 1 and ν(π/√3,±) = 0 (mod 2). There-
fore, the glide-Z2 invariant is nontrivial, that is, νG = 1.
C. Deformation to Mo¨bius surface state
The glide-Z2 invariant νG is the strong topological in-
dex specifying the gapped TNSC. However, the A-phase
is actually gapless because of the point nodes of gap func-
tion at the poles of 3D FSs. Figure 8 shows the surface
spectrum E(0, kz), and indeed, we observe gapless bulk
excitations away from the surface BZ boundary kz = π in
addition to the double Majorana cone at kz = π. There-
fore, UPt3 A-phase does not realize the characteristic
“Mo¨bius surface state”41,42,49,51 of topological nonsym-
morphic insulators/superconductors.
However, the nontrivial glide-Z2 invariant ensures that
the gapped TNSC can be realized when the point nodes
are removed by some perturbations preserving the sym-
metry. Then, we obtain the Mo¨bius surface states with
keeping the nontrivial glide-Z2 invariant and the associ-
ated double Majorana cone. In other words, the double
Majorana cone around ksf = (0, π) is regarded as a remi-
niscent of the Mo¨bius surface states of glide-even TNSC.
A simple way is to deform the FS to be cylindrical
so that the point nodes are removed. Then, the surface
spectrum in Fig. 9 is obtained. In Fig. 9(a), the surface
states detached from bulk excitations show the Mo¨bius
structure typical of glide-even TNSC. At ksf = 0, the
Kramers degeneracy is ensured by the TRS. The Kramers
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FIG. 8. (Color online) Energy spectrum on the (100)-
surface in the A-phase. Parameters (t, tz, t
′, α, µ,∆, δ) =
(1,−4, 1, 2, 12, 0.7, 0.04) reproduce the paired A-FSs of UPt3.
Spectrum on the ksf = (0, kz) line is shown. Surface states
are highlighted by green lines.
-0.4
-0.2
 0
 0.2
 0.4
 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5  5.5  6
E(
0,k
z)
kzkz
E(
0,k
z)
(b) kz=0 (c) kz=pi
(a) ky=0
-0.4
-0.2
 0
 0.2
 0.4
-1.5 -1 -0.5  0  0.5  1  1.5
E(
ky
,0)
ky
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
-1.5 -1 -0.5  0  0.5  1  1.5
E(
ky
,0)
kykyky
E(
ky
,
pi
)
E(
ky
,
0) 
FIG. 9. (Color online) Mo¨bius surface states in the 3D
glide-even TNSC. We choose parameters (t, tz, t
′, α, µ,∆, δ) =
(1, 0, 0.3, 0.5, 3.5, 0.4, 0.5) for 2D cylindrical FSs. Bulk and
surface states are shown by blue and green lines, respectively.
(a) E(0, kz), (b) E(ky, 0), and (c) E(ky, pi). The glide eigen-
values are illustrated in (a).
pair is formed by ±i glide eigenstates since the TRS and
PHS are not preserved in the glide-subsector. When we
look at the ksf = (ky, 0) line, Fig. 9(b) shows two helical
modes protected by the mirror Chern number ν0M = 4,
which is introduced in Sec. VIB. The nontrivial relation-
ship between the mirror Chern number and the glide-Z2
12
invariant will be shown elsewhere71.
D. Broken glide symmetry by crystal distortion
Strictly speaking, the symmetry of crystal structure
in UPt3 is still under debate, because a tiny crystal dis-
tortion has been indicated by a x-ray diffraction mea-
surement31. The distortion leads to layer dimerization
that breaks the glide and screw symmetry. Then, the
space group is reduced from nonsymmorphic P63/mmc
to symmorphic P 3¯m1. If the crystal distortion actually
occurs in UPt3, the double Majorana cone protected by
the glide-Z2 invariant may be gapped.
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 0.3
 2  2.5  3  3.5  4  4.5
E(
0,k
z)
kzkz
E(
0,k
z)
FIG. 10. (Color online) Energy spectrum on the (100)-surface
in the presence of layer dimerization that breaks the glide
symmetry. Parameters are the same as Fig. 8, while the inter-
sublattice hybridization is replaced by Eq. (5.18) with d = 0.2.
Surface states are highlighted by green lines.
The layer dimerization makes the inter-sublattice hy-
bridization asymmetric between the +z and −z direc-
tions. The asymmetry is taken into account by replacing,
a(k) = 2t′ cos
kz
2
∑
i=1,2,3
eik‖·ri
⇒ t′
[
(1 + d)eikz/2 + (1− d)e−ikz/2
] ∑
i=1,2,3
eik‖·ri .
(5.18)
The parameter d represents the strength of the layer
dimerization. For a finite d, the double Majorana cone
at ksf = (0, π) indeed acquires mass term. In Fig. 10,
we show the surface spectrum gapped at ksf = (0, π). In
the figure, a strong layer dimerization d = 0.2 is assumed
in order to visualize the effect of glide symmetry break-
ing. In reality, the parameter d is expected to be tiny
even if it is finite, because the crystal distortion reported
is small31. Therefore, the gap in the double Majorana
cone may be tiny, and a fingerprint of topological glide-
Z2 superconductivity will appear even in the symmorphic
P 3¯m1 structure.
VI. OTHER TOPOLOGICAL SURFACE STATES
In contrast to toy models, the model specific for the
real material shows rich topological properties. In Figs. 4
and 5, we have observed a variety of surface states other
than the double Majorana cone discussed in Sec. V. In
this section, we clarify the topological invariant protect-
ing the surface states. In addition to the glide symmetry,
we take the mirror symmetry into account. The Weyl
charge, mirror Chern number, glide winding number, and
rotation winding number are discussed below.
A. Chiral Majorana arc in Weyl B-phase
The TRS broken B-phase identified as a Weyl super-
conducting state37,72 hosts surface Majorana arcs, anal-
ogous to Fermi arcs in Weyl semimetals73–79. The ex-
istence of Majorana arcs is ensured by the topological
Weyl charge
qi =
1
2π
∮
S
dk ~F (k), (6.1)
which is nothing but the monopole of Berry flux,
Fi(k) = −iεijk
∑
En(k)<0
∂kj 〈un(k)|∂kkun(k)〉. (6.2)
A wave function and energy of Bogoliubov quasiparticles
are denoted by |un(k)〉 and En(k), respectively. A non-
trivial Weyl charge protects the Weyl point node in the
bulk excitation spectrum. Indeed, the B-phase of UPt3 is
a point nodal SC compatible with Blount’s theorem33,34
when the p-wave and d-wave order parameters are ap-
propriately taken into account32,37. Although the purely
f -wave state has a nodal line at kz = 0
26, it is an acciden-
tal node removed by symmetry-preserving perturbation.
In accordance with the bulk-boundary correspondence,
the Majorana arcs appear on the surface and terminate
at the projection of Weyl point nodes illustrated by green
circles in Figs. 4 and 5.
Interestingly, the position of Weyl nodes is tunable. In
the E2u scenario for UPt3
26, the parameter η smoothly
changes from ∞ to 0 in the B-phase by decreasing the
temperature and/or increasing the magnetic field (see
Fig. 3 and Table I). Then, the pair creation, pair annihi-
lation, and coalescence of Weyl nodes occur as a con-
sequence of the p-f mixing in the order parameter37.
Accordingly, the projection of Weyl nodes moves as il-
lustrated in Figs. 4(b)-(d) and 5(b)-(d). The Majorana
arcs follow the Weyl nodes.
In the generic E2u-state studied in this paper, the Weyl
nodes are purely protected by topology, and any crys-
tal symmetry is not needed. Therefore, the positions of
Weyl nodes are not constrained by any symmetry. Al-
though the Weyl nodes are pinned at the poles of FS
in the purely f -wave E2u-state
72, that is an accidental
result. In another candidate of Weyl SC URu2Si2, the
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3D dxz ± idyz-wave superconductivity has been revealed
by experiments.13–15,80 Then, the Weyl nodes are pinned
and the traveling of Weyl nodes does not occur, in con-
trast to UPt3.
(a) kz=1.98  [ν(kz)=0] (b) kz=2.59  [ν(kz)=4]
(c) kz=2.89  [ν(kz)=8] (d) kz=3.09  [ν(kz)=-4]
(e) kz=pi  [ν(kz)=-4] (f) α=1, kz=pi  [ν(kz)=-4]
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FIG. 11. (Color online) Energy spectrum on the (100)-surface
in the B-phase (η = 0.6). Surface and bulk quasiparticle
states on slices of BZ at kz = constant planes are shown.
The surface states are emphasized by green lines. The kz-
dependent Chern number is shown in each panel. (a)-(e)
Parameters are the same as Fig. 5(b). (f) α = 1 while the
others are the same as (e). The surface states are almost
two-fold degenerate in (d) and (f) and four-fold degenerate
in (e). Comparison of (e) and (f) reveals that the four-fold
degeneracy in the absence of the SOC is lifted by the SOC.
Here the number of Majorana arcs is verified by calcu-
lating the Chern number81–83 of effective 2D models on
kz = constant planes,
ν(kz) =
1
2π
∫
dk‖Fz(k), (6.3)
that is, a kz-dependent Chern number of class A. The
Chern number indicates the number of chiral surface
modes. In Weyl SCs, the Chern number may change
at a gapless kz = constant plane hosting Weyl nodes.
Therefore, the zero energy surface states form arcs ter-
minating at the projection of Weyl nodes. For parame-
ters reproducing the A-FSs, the Chern number changes
ν(kz) = 0 → 4 → 8 → −4 with increasing kz from 0
to π, while ν(kz) = 0 → 4 → 0 for the Γ-FS37. The
bulk-boundary correspondence is confirmed by showing
the surface spectrum on the kz = constant lines in
Fig. 11. The number of chiral modes coincides with the
kz-dependent Chern number. We also observe the sign
reversal of chirality in accordance with the sign change
of the Chern number.
Finally, we discuss the Weyl superconducting phase
in the phase diagram illustrated in Fig. 3. Because the
TRS has to be broken in Weyl SCs, the A- and C-phases
are non-Weyl superconducting states. Furthermore, the
B-phase in the vicinity of the A-B and B-C phase bound-
aries is also non-Weyl state because the gap closing is re-
quired for the topological transition. Therefore, the tran-
sition from the non-Weyl state to the Weyl state occurs
in the B-phase. The shaded region in Fig. 3 schematically
illustrates the Weyl superconducting phase.
B. Majorana cone and mirror Chern number
Next we discuss the surface state around ksf = (0, 0),
which is observed in all the A-, B-, and C-phases (Fig. 4).
In the TRS broken B-phase, the spectrum resembles a
tilted Majorana cone as shown in Fig. 12, although the
cone is not tilted in the A- and C-phases. Naturally, the
Γ-FS and K-FS are considered in this subsection.
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FIG. 12. (Color online) Tilted Majorana cone at ksf =
(0, 0) in the B-phase (η = 0.5). Parameters are
(t, tz, t
′, α, µ,∆, δ) = (1, 4, 1, 0, 16, 4, 0.02) reproducing a Γ-
FS.
We may understand the topological protection by im-
plementing the crystal mirror reflection symmetry with
respect to the xy-plane. Mirror reflection operator for
the normal part Hamiltonian is,
Mxy(kz) = iszVσ(kz). (6.4)
The mirror reflection symmetry is equivalent to the prod-
uct of inversion symmetry and screw symmetry, that
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is, Mxy(kz) = IS
z
pi(kz). The nonsymmorphic screw
symmetry Szpi = {Rzpi| z2} involves half translation along
the z-axis, and therefore, the screw operator Szpi(kz) is
kz-dependent. Thus, the mirror operator is also kz-
dependent, and we haveMxy(π) = iszσz whileM
xy(0) =
isz. This momentum dependence of M
xy(kz) may yield
the unusual line node in nonsymmorphic odd-parity
SCs38, a counterexample of Blount’s theorem.
The normal part Hamiltonian is invariant under the
mirror reflection symmetry
Mxy(kz)H˜0(k)M
xy(kz)
−1 = H˜0(kx, ky,−kz), (6.5)
and the order parameter is mirror-odd irrespective of η,
Mxy(kz)∆˜(k)M
xy(−kz)T = −∆˜(kx, ky,−kz). (6.6)
Thus, the BdG Hamiltonian respects mirror reflection
symmetry,
MxyBdG(kz)H˜BdG(k)M
xy
BdG(kz)
−1 = H˜BdG(kx, ky,−kz),
(6.7)
by defining the operator in the Nambu space,
MxyBdG(kz) =
(
Mxy(kz) 0
0 −Mxy(−kz)∗
)
τ
(6.8)
=Mxy(kz)⊗ τ0. (6.9)
According to the K-theory for topological crystalline
insulators and SCs48, the effective 2D Hamiltonian at
mirror invariant planes, namely, kz = 0 and π, is specified
by a topological index of class D, Z⊕Z, in the TRS broken
B-phase. This is ensured by the algebra [MxyBdG(0)]
2
=
[MxyBdG(π)]
2
= −1 and {MxyBdG(0), C} = {MxyBdG(π), C} =
0. One of the two integer topological invariants is nothing
but the Chern number ν(kz) introduced in Sec. VIA. The
other is the mirror Chern number, νΓzM ∈ Z (Γz ≡ 0 or
π), which is defined below by using the mirror reflection
symmetry84,85. In the TRS invariant A- and C-phases,
the Chern number must be zero, and the mirror Chern
number is naturally the Z topological index of class DIII
appearing in Ref. 48.
The commutation relation,[
MxyBdG(Γz), H˜BdG(k‖,Γz)
]
= 0, ensures that the
BdG Hamiltonian is block-diagonalized at mirror in-
variant planes on the basis diagonalizing MxyBdG(Γz). In
other words, the BdG Hamiltonian is decomposed into
two mirror-subsectors with mirror eigenvalues ±i,
H˜BdG(k‖,Γz) = H˜
Γz
i (k‖)⊕ H˜Γz−i (k‖). (6.10)
The PHS is preserved in the mirror-subsector, because
of [MxyBdG(Γz)]
2 = −1 and {MxyBdG(Γz), C} = 0. On the
other hand, the TRS is not preserved even in the TRS in-
variant A- and C-phases since [MxyBdG(Γz), T ] = 0. Thus,
the symmetry of the mirror-subsector is class D irre-
spective of η, and the Chern number of mirror-subsector
Hamiltonian given by
νΓz±i =
1
2π
∫
dk‖F
Γz
z,±i(k‖), (6.11)
may be nontrivial. Here, FΓzz,±i(k‖) is the Berry curvature
of H˜Γz±i (k‖). The mirror Chern number is defined by
νΓzM = ν
Γz
+i − νΓz−i , (6.12)
while the total Chern number is given by ν(Γz) = ν
Γz
+i +
νΓz−i .
1. Mirror Chern number at kz = 0
Later we show that the mirror Chern number at kz = π
has to vanish owing to the constraint by glide symmetry.
On the other hand, the mirror Chern number may be
nontrivial at kz = 0, and the surface states around ksf =
(0, 0) are indeed protected by the mirror Chern number.
Because we have MxyBdG(0) = iszσ0τ0, the mirror-
subsector Hamiltonian H˜0±i(k‖) is equivalent to the spin
sector for s =↑ and ↓, respectively. Thus, we obtain
H˜0±i(k‖) =
(
hˆ±i(k‖) ∆ˆ±i(k‖)
∆ˆ±i(k‖)† −hˆ±i(−k‖)T
)
, (6.13)
with
hˆ±i(k‖) =
(
ε(k‖)± αg(k‖) a˜(k‖)
a˜(k‖)∗ ε(k‖)∓ αg(k‖)
)
, (6.14)
and
∆ˆ±i(k‖) = −(η ± 1)∆p
[
px(k‖)± ipy(k‖)
]
σ0. (6.15)
We denoted A(k‖) = A(k‖, 0) and ∆p = δ∆/
√
1 + η2.
It turns out that the mirror-subsector Hamiltonian is
equivalent to the BdG Hamiltonian of a two-band chi-
ral p-wave SC. In our model for the Γ-FS, only one
band crosses the Fermi level, and we obtain ν0±i = ±1.
The sign of Chern number is opposite between the two
mirror-subsectors because of the opposite chirality of p-
wave order parameter [see Eq. (6.15)]. Therefore, the
total Chern number of the 2D BdG Hamiltonian is zero,
ν(0) = ν0+i + ν
0
−i = 0, even in the TRS broken B-phase.
On the other hand, the mirror Chern number is nontriv-
ial,
ν0M = 2. (6.16)
We now understand that the (tilted-) Majorana cone
in Fig. 12 is the topological surface states ensured by
the bulk-boundary correspondence. Since the chirality of
Majorana modes corresponding to ν0±i = ±1 is opposite
between two mirror-subsectors, the (tilted) helical mode
appears at kz = 0, and the helical mode is gapped at
kz 6= 0, implying the Majorana cone.
Finally, we comment on the multiband effect. Al-
though Eq. (6.16) is obtained for a hole Γ-FS, we ob-
tain ν0M = −2 for a electron Γ-FS consistent with
UPt3
39,52–54. Because the mirror Chern number is ad-
ditive, we will obtain the mirror Chern number ν0M = −6
15
from three Γ-FSs. Then, the surface states form a (tilted-
) Majorana cone at ksf = (0, 0) and two cones away from
the Γ-point, ksf = (±k0y, 0). Although the K-FSs have
also been predicted by band structure calculations39,52,
the existence of them is still under debate54. The K-FSs
also give nontrivial mirror Chern number ν0M = −8 if they
exist. Then, the mirror Chern number is ν0M = −14 by
taking into account all the FSs. In any case, ν0M ∈ 4Z+2
indicates the existence of Majorana cone at ksf = (0, 0).
2. Vanishing mirror Chern number at kz = pi
We here show that the mirror Chern number at kz = π
must be trivial owing to the glide symmetry, namely,
νpiM = 0. (6.17)
First, we consider the glide invariant A- and C-phases.
The glide symmetry is also preserved in the mirror-
subsectors at kz = π because of [M
xy
BdG(π), G
xz
BdG(π)] = 0,
although {MxyBdG(0), GxzBdG(0)} = 0 indicates the broken
glide-symmetry in the mirror-subsectors at kz = 0. Then,
we can prove the relation for Berry curvature,
Fpiz,±i(kx, ky) = −Fpiz,±i(kx,−ky). (6.18)
Integration over the (kx, ky) plane ends up vanishing
Chern number, νpi±i = 0, and thus, the mirror Chern
number also vanishes. In the B-phase, the glide symme-
try is spontaneously broken. However, considering the
magnetic-glide symmetry TGxzBdG(π), we can show the
relation
Fpiz,±i(kx, ky) = F
pi
z,∓i(−kx, ky), (6.19)
which leads to νpii = ν
pi
−i. Therefore, the mirror Chern
number at kz = π vanishes in the B-phase as well.
The trivial mirror Chern number is confirmed in our
model as follows. Using the mirror reflection opera-
tor MxyBdG(π) = iszσzτ0, we obtain the mirror-subsector
Hamiltonian respecting the PHS,
H˜pi±i(k‖) =
(
hˆ±i(k‖) ∆ˆ±i(k‖)
∆ˆ±i(k‖)† −hˆ±i(−k‖)T
)
. (6.20)
The normal part is given by
hˆ±i(k‖) =
[
ε(k‖)± αg(k‖)
]
σ0. (6.21)
For instance, the order parameter part is
∆ˆ±i(k‖) = ∆×( ∓δ [px(k‖)± ipy(k‖)] f˜(x2−y2)z(k‖) + id˜yz(k‖)
f˜(x2−y2)z(k‖)∗ − id˜yz(k‖)∗ ±δ
[
px(k‖)∓ ipy(k‖)
] ) ,
(6.22)
in the C-phase. When the d+f -wave component is dom-
inant as we assume in this paper, the p-wave compo-
nent can be adiabatically reduced to zero without clos-
ing the gap. Then, it turns out that the Chern number
of mirror-subsectors is trivial because the phase winding
of f˜(x2−y2)z(k‖) ± id˜yz(k‖) along the FS is zero. Even
when the p-wave component is dominant, the Chern
number vanishes because the chirality of gap function
px(k‖) ± ipy(k‖) is opposite between the pseudospin up
and down Cooper pairs. Thus, we obtain νpi±i = 0 and
νpiM = 0 in the C-phase. It is straightforward to show
νpi±i = 0 in the A-phase as well. In the B-phase we have
obtained the nontrivial Chern number ν(π) = −4 for the
A-FSs. However, the mirror Chern number remains triv-
ial, because νpi±i = −2. We have numerically confirmed
Eq. (6.17) in the entire A-, B- and C-phases for all the
FSs.
C. Majorana flat band and glide winding number
As shown in Figs. 4(d) and (e) and Figs. 5(d) and (e),
the zero energy surface flat band appears in the A-phase
and in a “half” of the B-phase (|η| > 1). We here show
that the flat band is topologically protected by the glide
winding number. Below we first demonstrate the topo-
logical protection in the A-phase, and later investigate
the B-phase.
1. A-phase
Let’s consider the glide invariant plane ky = 0 in the A-
phase. The glide winding number is defined for 1D mod-
els H˜BdG(kx, 0, kz) parametrized by kz. The 1D models
do not respect TRS and PHS unless (0, 0, kz) is a time-
reversal invariant momentum. On the other hand, the
combined chiral symmetry, Γ = iTBdGC, is preserved.
Thus, the winding number of 1D AIII class can be de-
fined. However, it is obtained to be zero.
The nontrivial winding number is obtained by imple-
menting the glide symmetry, which has been represented
by Eq. (5.2). The glide symmetry ensures the sector de-
composition,
H˜BdG(kx, 0, kz) = H˜λ+(kx, kz)⊕ H˜λ−(kx, kz), (6.23)
for eigenvalues λ± = ±ie−ikz/2 of the glide operator.
The chiral symmetry is preserved in the glide-subsector
Hamiltonian H˜λ±(kx, kz) because [Γ, G
xz
BdG(kz)] = 0 in
the A-phase86. Now we have two winding numbers of
AIII class, ωG(+, kz) and ωG(−, kz), which correspond
to the Z⊕ Z topological index of 1D AIII class with U+
crystal symmetry48.
We here estimate the winding numbers by analyz-
ing the original BdG Hamiltonian HˆBdG(k), instead of
H˜BdG(k). The periodicity along the kx-axis is satis-
fied in HˆBdG(k), and the unitary transformation (2.20)
does not alter the winding number, since [Γ, U(k)] = 0.
The glide operator for the original BdG Hamiltonian
HˆBdG(k) is G
xz
BdG = isyσxτ0e
−ikz/2 in the A-phase while
GxzBdG = isyσxτze
−ikz/2 in the C-phase.
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In the A-phase, the glide-subsectors of HˆBdG(k) are,
Hˆλ±(kx, kz) = ε
kz(kx)σ0τz ± akz (kx)σzτz + αg(kx)σyτ0
−∆δpx(kx)σ0τx ±∆d kzxz (kx)σyτy .
(6.24)
The chiral symmetry is confirmed by{
Γs, Hˆλ±(kx, kz)
}
= 0, where Γs = σzτy is the
chiral operator in the subsector space. Thus, we obtain
the off-diagonal form
UΓsHˆλ±(kx, kz)U
†
Γs
=
(
0 qˆ±(kx, kz)
qˆ†±(kx, kz) 0
)
,
(6.25)
by choosing the basis diagonalizing the chiral operator.
From Eq. (6.24), we obtain
q±(kx, kz) =iεkz(kx)σz ± iakz(kx)σ0 +∆δpx(kx)σ0
+ [αg(kx)±∆d kzxz (kx)]σy , (6.26)
for the λ± glide-subsector, respectively. We used abbre-
viations, Akz (kx) = A(kx, 0, kz).
Now the winding number of glide-subsectors given by
ωG(±, kz) = 1
4πi
∫ 4pi
0
dkxTr
[
qˆ±(kx, kz)−1∂kx qˆ±(kx, kz)
− qˆ†±(kx, kz)−1∂kx qˆ†±(kx, kz)
]
,
(6.27)
is calculated. By adiabatically reducing αg(kx)→ 0 and
d kzxz (kx) → 0 without closing the excitation gap, we ob-
tain the winding number as
ωG(±, kz)
=
{
∓1 [ε(0, kz) + a(0, kz) > 0 > ε(0, kz)− a(0, kz)]
0 [otherwise]
,
(6.28)
for t > 0, t′ > 0 and ∆δ > 0. This means that the λ±
glide-subsectors of HˆBdG(k) [and equivalently the sub-
sectors of the periodic BdG Hamiltonian H˜BdG(k)] are
topologically characterized by the glide-winding number
ωG(±, kz) = ∓1, when the condition ε(0, kz)+a(0, kz) >
0 > ε(0, kz)−a(0, kz) is satisfied. This condition is equiv-
alent to the number of FSs (per Kramers pairs) is odd.
In Figs. 4(e) and 5(e), the flat band appears on the
ky = 0 line of surface BZ where only one FS is pro-
jected. The nontrivial glide-winding number demon-
strated above protects this Majorana flat band. The zero
energy states are two-fold degenerate in accordance with
the bulk-boundary correspondence. One comes from the
λ+ = ie
−ikz/2 glide-subsector and the other comes from
the λ− = −ie−ikz/2 glide-subsector. Note that the flat
band is robust against the multiband effect. We find that
the glide-winding number of K-FSs is zero. Taking into
account three Γ-FSs, we will have glide-winding number
ωG(±, 0) = ∓3, or ∓1, or ±1, or ±3 depending on the
sign of order parameter. In any case, the glide-winding
number is nontrivial.
2. B-phase
The glide-subsector is no longer well-defined in the B-
phase, because the glide symmetry is spontaneously bro-
ken. However, the glide-winding number is well-defined
by the magnetic-glide symmetry GxzBdGT preserved in the
B-phase. Then, the glide-winding number is given by
ωG(kz) =
i
4π
∫ 4pi
0
dkxTr
[
ΓGH˜BdG(kx, 0, kz)
−1
× ∂kxH˜BdG(kx, 0, kz)
]
, (6.29)
where ΓG = e
iφGxzBdG(kz)TBdGC is the glide-chiral oper-
ator with Γ2G = 1.
In the A-phase, Eq. (6.29) is reduced to
ωG(kz) = ωG(+, kz)− ωG(−, kz). (6.30)
Thus, we obtain ωG(kz) = −2 in the A-phase. The non-
trivial glide-winding number is robust as long as the gap
is finite. Therefore, the Majorana flat band appears in
the B-phase under the condition (6.28), when the param-
eter |η| is large [see Fig. 13(a)]. When |η| is decreased
from infinity, the pair creation of Weyl nodes occurs in
the bulk BZ on the ky = 0 plane
37. Then, a part of
the Majorana flat band disappears in between the pair
of projected Weyl points [see Fig. 13(b)]. Therefore, the
projected Weyl points are end points not only of the Ma-
jorana arc but also of the Majorana flat band. This fea-
ture has been shown in Figs. 4(d) and 5(d).
(a) (b) (c)
FIG. 13. (Color online) Illustration of the Majorana flat band
(a) in the A-phase and non-Weyl B-phase (η > ηc), (b) in the
Weyl B-phase (ηc > η > 1), and (c) at the critical point
(η = 1). Thick solid (purple) lines show the Majorana flat
band. Thin lines illustrate the projection of a Γ-FS onto the
(100)-surface BZ. The closed (blue) circles indicate projec-
tions of Weyl point nodes. (a), (b), and (c) correspond to the
numerical results in Figs. 4(e), (d), and (c), respectively.
At |η| = 1, a pair of Weyl nodes is annihilated on
the k = (kx, 0, 0) line, and other Weyl nodes coalesce on
the poles of FSs37. Then, the Majorana flat band com-
pletely disappears [Fig. 13(c)]. The fate of the Majorana
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flat band in the B-phase is schematically illustrated in
Fig. 13, and shown in Figs. 4 and 5 by the numerical
diagonalization of the BdG Hamiltonian.
D. Symmetry constraint on winding numbers
The crystal symmetries preserved on the (100)-surface
are as follows.
• Mirror symmetry Mxy.
• Glide symmetry Gxz.
• π-rotation symmetry Rx.
The π-rotation is given by the product of mirror and glide
operations.
In addition to the glide-winding number studied in
Sec. VIC, we can define the mirror-winding number87
and the rotation-winding number88 in the same manner.
They are given by
ωΓzM (ky) =
i
4π
∫ 4pi
0
dkxTr
[
ΓM(Γz)H˜BdG(kx, ky,Γz)
−1
× ∂kxH˜BdG(kx, ky,Γz)
]
,
(6.31)
and
ωΓzR =
i
4π
∫ 4pi
0
dkxTr
[
ΓRH˜BdG(kx, 0,Γz)
−1
× ∂kxH˜BdG(kx, 0,Γz)
]
. (6.32)
ΓM(Γz) = e
iθMxyBdG(Γz)Γ and ΓR = e
iθ′RxBdGΓ are
mirror-chiral operator and rotation-chiral operator, re-
spectively. The phase factors eiθ and eiθ
′
are chosen so
that ΓM(Γz)
2 = Γ2R = 1. The mirror-winding number is
defined on the mirror invariant planes at kz = Γz = 0, π
and ky-dependent. On the other hand, the rotation-
winding number is defined on the rotation invariant lines.
The mirror-winding number is defined only in the TRS
invariant A- and C-phases, since the mirror-chiral sym-
metry is broken in the TRS broken B-phase.
From the algebra of symmetry operations we can prove
that most of the winding numbers vanish. The proof
relies on the fact that the winding number disappears
when any unitary symmetry preserved on the surface
anti-commutes with the chiral operator, {U,ΓV } = 0.
This fact, ωV = 0, is understood by
ωV =
i
4π
∫ 4pi
0
dkxTr
[
UΓV H˜1D(kx)
−1∂kxH˜1D(kx)U
†
]
=
i
4π
∫ 4pi
0
dkxTr
[
(−ΓV ) H˜1D(kx)−1∂kxH˜1D(kx)
]
= −ωV. (6.33)
Furthermore, the TRS has to satisfy [T,ΓV ] = 0 when
the winding number is nontrivial. All of the mirror, glide,
and rotation symmetries are preserved at the rotation in-
variant lines in the A- and C-phases, although the glide
and rotation symmetries are spontaneously broken in the
B-phase. Thus, we obtain some constraints on the wind-
ing numbers at ksf = (0, 0) and (0, π) in the A- and
C-phases.
Γz c(M
xy ,ΓM) c(G
xz,ΓM) c(R
x,ΓM) c(T,ΓM)
A-phase 0 -1 -1 +1 -1
pi -1 +1 -1 -1
C-phase 0 -1 +1 -1 -1
pi -1 -1 +1 -1
TABLE III. Commutation (anti-commutation) relations of
the mirror-chiral operator ΓM with the crystal symmetry and
time-reversal operators are represented by +1 (−1).
Γz c(M
xy ,ΓG) c(G
xz,ΓG) c(R
x,ΓG) c(T,ΓG)
A-phase 0 +1 +1 +1 +1
pi -1 +1 -1 -1
C-phase 0 +1 -1 -1 -1
pi -1 -1 +1 +1
TABLE IV. Commutation (anti-commutation) relations of
the glide-chiral operator ΓG with the crystal symmetry and
time-reversal operators.
Γz c(M
xy,ΓR) c(G
xz,ΓR) c(R
x,ΓR) c(T,ΓR)
A-phase 0 +1 -1 -1 -1
pi -1 +1 -1 -1
C-phase 0 +1 +1 +1 +1
pi -1 -1 +1 +1
TABLE V. Commutation (anti-commutation) relations of the
rotation-chiral operator ΓR with the crystal symmetry and
time-reversal operators.
The commutation (anti-commutation) relations be-
tween crystal symmetry operators Mxy, Gxz, Rx and
chiral operators ΓM, ΓG, and ΓR are summarized in Ta-
bles III, IV, and V. From these algebra, we find that only
ωG(0) and ω
0
R may be nontrivial. Interestingly, all the
winding numbers at kz = π vanish as a consequence of
the nonsymmorphic glide symmetry. The mirror-winding
number at kz = 0 also vanishes in both A- and C-phases.
Furthermore, we see that the rotation-winding number
ω0R disappears in the A-phase, while the glide-winding
number ωG(0) disappears in the C-phase. These symme-
try constraints are consistent with our numerical calcula-
tions summarized in Table. VI, and also consistent with
recently obtained general rules for winding numbers89.
In addition to the glide-winding number ωG(0) dis-
cussed in Sec. VIC, we may have a nontrivial rotation-
winding number, which is introduced below for com-
pleteness. Combining the π-rotation symmetry with
TRS, we define the magnetic π-rotation symmetry by
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|η| > 1 |η| < 1
ωG(0) -2 0
ω0R 0 -2
TABLE VI. Nontrivial winding numbers of the Γ-FS. The
other winding numbers are proved to be zero owing to the
symmetry constraints. The zeros in the table are also ensured
by the adiabatic connection from the TRS invariant A- or C-
phases.
T ′ = RxpiT = −iszσxK. The BdG Hamiltonian is invari-
ant
T ′BdGH˜BdG(k)T
′ −1
BdG = H˜BdG(−kx, ky, kz), (6.34)
under the magnetic π-rotation in the Nambu space,
T ′BdG =
(
T ′ 0
0 T ′∗
)
τ
= T ′ ⊗ τz , (6.35)
not only in the rotation invariant A- and C-phases but
also in the B-phase. According to the classification byK-
theory48, the 2D Hamiltonian of D class on the kz = 0 or
π plane is specified by a Z ⊕ Z topological invariant by
implementing the magnetic π-rotation symmetry. The
relations (T ′BdG)
2
= 1 and [T ′BdG, C ] = 0 are used there.
One of the integer topological numbers is the rotation-
winding number given by Eq. (6.32), where the rotation-
chiral operator is ΓR = T
′
BdGC = szσxτy .
E. Topological transition in B-phase
In Sec. VID, symmetry constraints on the winding
numbers have been proved in the A- and C-phases. In
this subsection the B-phase is discussed. We again see
that ωG(π) = ω
pi
R = 0 owing to the mirror symmetry. On
the other hand, we obtain ωG(0) = −2 when |η| > 1,
while ω0R = −2 when |η| < 1 (see Table VI). The Ma-
jorana cone discussed in Sec. VIB is protected by these
winding numbers as well.
At |η| = 1 the jump of the winding numbers ωG(0) and
ω0R indicates the gap closing. Equation (6.15) shows that
the superconducting gap on the kz = 0 plane actually
disappears at |η| = 1. This gap node has been reported
as unusual “quadratic line node”37. In contrast to the
usual linear line node with ∆(k) ∝ |kz|, which appears
in the purely f -wave E2u-state
26,27, the line node of the
generic E2u-state is accompanied by the quadratic be-
havior, ∆(k) ∝ |kz|2. Such an unusual nodal structure
at |η| = 1 has been attributed to the pair annihilation
of Weyl nodes37. It can also be viewed as a criticality of
topological phase transition specified by ωG(0) and ω
0
R.
In contrast to the kz = 0 plane, all of the winding
numbers on the kz = π plane are zero irrespective of η.
Thus, the gap closing enforced by the change of winding
numbers does not occur at kz = π. This is consistent with
the numerical result showing the finite superconducting
gap on the kz = π plane.
VII. SUMMARY AND DISCUSSIONS
We investigated topologically nontrivial superconduct-
ing phases in UPt3. Taking into account the FSs reported
by first principles band structure calculation and quan-
tum oscillation experiments, we have calculated the topo-
logical invariants specifying the superconducting states
and demonstrated topological surface states.
Among a variety of topological properties in UPt3, the
most intriguing result is the nontrivial glide-Z2 invariant
in the TRS invariant A-phase. By using the K-theory for
topological nonsymmorphic insulators/superconductors,
we showed that the glide-Z2 invariant is the strong topo-
logical index specifying the 3D glide-even superconduc-
tivity of class DIII. Although UPt3 is a gapless SC in
the bulk, the glide-Z2 invariant is well-defined and non-
trivial. Thus, the UPt3 A-phase can be reduced to a 3D
gapped TNSC with keeping double Majorana cone sur-
face states, when the point nodes are removed by some
perturbations. By these findings, UPt3 is identified as a
3D gapless TNSC. At our best knowledge, this is the first
proposal for the material realization of emergent topolog-
ical superconductivity enriched by nonsymmorphic space
group symmetry.
Not only the A-phase but also the B- and C-phases
have been identified as symmetry-enriched topological
superconducting states. Combining the crystal symme-
tries of UPt3 with the TRS and PHS, we find topological
invariants and surface states as follows.
• Double Majorana cone protected by the glide-Z2
invariant in the A-phase
• Chiral Majorana arcs in the Weyl B-phase
• Majorana cone protected by the mirror Chern num-
ber in the A-, B-, and C-phases
• Majorana flat band protected by the glide-winding
number in the A-phase and “half” of the B-phase
It has been proved that the other mirror Chern num-
ber and winding numbers must be trivial because of the
constraints by symmetry.
From the results obtained in this paper, we notice rich
topological properties of superconducting UPt3. Under-
lying origins of such topological superconducting phases
are as follows. (1) Spin-triplet odd-parity superconduc-
tivity, which is often a platform of topological SC. (2) 2D
E2u representation, which allows multiple superconduct-
ing phases distinguished by symmetry. (3) Nonsymmor-
phic space group symmetry P63/mmc, which gives rise
to following features distinct from symmorphic systems,
1. Classification of topological insulators and SCs
changes, and allows emergent topological phases.
2. Dirac nodal lines yield the paired FSs which corre-
spond to the pseudospin degree of freedom in glide-
subsectors.
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3. The sublattice-singlet d-wave pairing naturally ad-
mixes with the f -wave pairing, and leads to the
nontrivial glide-Z2 invariant.
4. Most mirror Chern numbers and winding numbers
are forced to be zero, and do not support topolog-
ical surface states.
Thus, an old heavy fermion superconductor UPt3 is a pre-
cious platform of topological superconductivity enriched
by nonsymmorphic space group symmetry.
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